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ABSTRACT The kinetics of receptor-mediated cell adhesion to a ligand-coated surface play a key role in many physiological
and biotechnology-related processes. We present a probabilistic model of receptor-ligand bond formation between a cell
and surface to describe the probability of adhesion in a fluid shear field. Our model extends the deterministic model of
Hammer and Lauffenburger (Hammer, D. A., and D. A. Lauffenburger. 1987. Biophys. J. 52:475-487) to a probabilistic
framework, in which we calculate the probability that a certain number of bonds between a cell and surface exists at any
given time. The probabilistic framework is used to account for deviations from ideal, deterministic behavior, inherent in
chemical reactions involving relatively small numbers of reacting molecules. Two situations are investigated: first, cell
attachment in the absence of fluid stress; and, second, cell detachment in the presence of fluid stress. In the attachment
case, we examine the expected variance in bond formation as a function of attachment time; this also provides an initial
condition for the detachment case. Focusing then on detachment, we predict transient behavior as a function of key system
parameters, such as the distractive fluid force, the receptor-ligand bond affinity and rate constants, and the receptor and
ligand densities. We compare the predictions of the probabilistic model with those of a deterministic model, and show how a

deterministic approach can yield some inaccurate results; e.g., it cannot account for temporally continuous cell attachment
or detachment, it can underestimate the time needed for cell attachment, it can overestimate the time required for cell
detachment for a given level of force, and it can overestimate the force necessary for cell detachment.

INTRODUCTION

The kinetics of receptor-mediated cell attachment to and
detachment from a surface, including other cells as well
as biomaterials, is a central aspect of many physiological
and biotechnology-related processes. For example, neutro-
phils are found in the bloodstream as nonadherent circu-
lating cells; however, when tissue becomes infected, these
cells migrate from the bloodstream into the tissue by first
adhering to the endothelial cells (ECs) that line the blood
vessel walls. This change in neutrophil attachment behav-
ior, which is thought to be modulated by neutrophil
"receptor" and/or EC "ligand" expression, is crucial
because neutrophils provide the first line of defense
against infection (1, 2). Biotechnology-related examples
include certain cell separation techniques, such as cell
affinity chromatography (CAC) (3-8), and EC seeding of
prosthetic vascular grafts (9-15). In CAC, the cell
mixture of interest is incubated with a ligand-coated
surface (generally beads or membranes), the ligand being
specific for receptors unique to the target cell (TC)
population. After the incubation step, the strongly bound
cells (principally TCs) are separated from the loosely
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bound and unbound cells by washing the surface. CAC
has been proposed as an effective means of bone marrow

purging for the removal of either tumor cells in autolo-
gous bone marrow transplantation (BMT) (6-8) or T-lym-
phocytes (T-cells) to reduce the incidence of graft vs. host
disease (GVHD) in allogeneic BMT (5, 16). For this
technique to be successful, TC removal must be virtually
100% efficient with minimal non-TC removal (7, 17).
These criteria require an affinity surface that promotes
TC attachment (with minimal non-TC attachment), and
yields a TC-to-surface interaction that is strong enough to
resist detachment during the wash step. EC seeding of
vascular prosthesis has been proposed for small vessel
replacements to overcome the thrombogenic nature of
artificial graft materials because native blood vessels are

lined with these cells. In addition, the seeding process

reduces the incidence of graft infection (14, 15). It has
been shown that coating the grafts with ligand that binds
to specific EC receptors may improve seeding efficiencies
(9, 10, 13). For this technique to be successful, the graft
must support EC attachment and growth, as well as yield
an adhesive interaction that is strong enough to resist
detachment by shear stresses after implantation (9, 10,
13).
The adhesive force between a cell and a surface is the

result of the net contribution of the nonspecific forces
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(such as van der Waals, electrostatic, and steric stabiliza-
tion) and the biochemically specific forces (receptor-
ligand bonds) (18). The kinetics of the cell-to-surface
interaction, therefore, depend on the cell and surface
properties, the medium composition, and the external
forces, such as the hydrodynamic force. Due to the
complexity of this interaction, in vitro assays are typically
used to study transient behavior (although in vivo experi-
ments have been performed with implanted grafts [9,
15]). In general, attachment kinetic experiments are

performed by incubating the cell and surface for a

variable amount of time (the attachment time) and then
subjecting the cell to a constant external force for a given
amount of time. These experiments provide data on the
percentage of adherent cells before and after exposure to
the force as a function of attachment time. In general,
detachment kinetic experiments consist of incubating the
cell and surface for a given amount of time and then
exposing the cell to a constant external force for a set
period of time. Here, data are obtained on detachment as

a function of time of exposure to the external force. The
external force is typically exerted by either centrifugation
(19) or hydrodynamic shear. The hydrodynamic shear
assays can be divided into two categories. First, the
qualitative assays are those in which the surface shear
stress is produced by simply washing the surface (20, 21).
Second, the quantitative assays are those in which the
value of the surface shear stress can be determined, such
as parallel plate (22), in vitro seeded graft (10, 12), and
rotating disc assays (13).
The transient studies on cell attachment and detach-

ment have provided useful data on receptor-mediated
adhesion kinetics. In this paper, our objective is to develop
a theoretical framework for the analysis of such transient
data. Here, we focus on the role of receptor-ligand
kinetics in yielding deviations from ideal, deterministic
behavior. A deterministic model does not provide for
fluctuations or deviations about the mean solution. Fluctu-
ations are, however, inherent to some degree in chemical
reactions, i.e., most kinetic data do not follow the determin-
istic solution exactly but fluctuate about it (23-25). This
is especially true when the number of reacting molecules
is relatively small, as is the case with cell surface receptor
molecules. Deviations from ideal attachment and detach-
ment behavior may, however, also result from heteroge-
neous cell properties, such as receptor number and class
(7, 26, 27), and heterogeneous surface properties, such as
the presence of several different proteins that each inter-
act with unique cell receptors (28, 29). The lack of
quantitative information on these heterogeneities, how-
ever, makes it difficult to interpret their role in cell
adhesion behavior at this time.
Hammer and Lauffenburger (30) used a deterministic

model to calculate the number of receptor-ligand bonds

between a cell and an affinity surface in a shear field. A
probabilistic model can be used to describe the behavior
of a system that evolves probabilistically in time, account-
ing for fluctuations in the behavior (31-33). In this work,
we extend the deterministic model of Hammer and
Lauffenburger (30) to a probabilistic framework, in
which the probability that a certain number of bonds exist
is calculated. In other words, instead of using a determin-
istic conservation equation for the number of receptor-
ligand bonds, a probabilistic conservation equation is
used. We examine expressions appropriate for cell attach-
ment in the absence of fluid stress and develop expressions
for cell detachment in the presence of fluid stress as a

function of key system parameters, such as the distractive
fluid force, the receptor-ligand bond affinity and rate
constants, and the receptor and ligand densities. We
relate the increase in bond number with time for attach-
ment to the increase in adhesive force with time and
complete bond breakage over time to cell detachment over

time. We compare probabilistic predictions with determin-
istic predictions to illustrate any significant differences
between the two. A deterministic model has been previ-
ously shown to successfully interpret trends between
different experiments as system parameters are varied
(30) and to explain equilibrium detachment data with a

model cell system (34), but it is unable to account for
transient attachment and detachment data because of its
"all-or-none" character. In the succeeding paper (hereaf-
ter referred to as "Part 2" [35]), we use our probabilistic
model to analyze transient data obtained with a model
cell system and the Radial-Flow Detachment Assay (34),
and we compare the predictions of our model

NOMENCLATURE

a Contact area radius (,um)
A(O) Drift term of Fokker-Planck equation
B(O) Diffusion term of Fokker-Planck equation
C Number of receptor-ligand complexes
F Force (dyn)
J Probability current
kb Boltzman constant (J/molecule-K)
ko Forward rate constant (cm2/min)
kr Reverse rate constant under conditions of flow (min-')
ko Reverse rate constant (min-')
K° Affinity constant (cm2)
n Number
N Surface density (cm-2)
p Probability density function
P Probability
Rf Number of unbound receptors within the contact area
RT Total number of receptors available for binding within

the contact area
t Time (min)
T Temperature (K)
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Subscripts
a

b
c

ct
C

f
F
L
m

s

T
u

expression for the effect of a, r, and K on the probability
density function for bonds.

Attachment
Bond
Critical
Critical-transient
Number of bonds
Free
Final
Ligand
Maximum
Steady state
Total
Unstable

Greek characters
a

ly

K

0

7'

Dimensionless force acting on the bonds
1/RT
Range of the bond interaction (nm)
Dimensionless critical transient detachment time
Dimensionless dissociation constant
Dimensionless bond number
Variance
Dimensionless time
Half-life divided by the maximum value for the half-life
No. of adherent cells after shear divided by no. before
shear

with transient data on EC seeding of prosthetic vascular
grafts, CAC, and cell adhesion reported from other
assays. This comparison with experimental data demon-
strates that the probabilistic model more faithfully repre-
sents observed behavior.

DEVELOPMENT OF MATHEMATICAL
MODEL

In this section, we first review the deterministic approach
to modeling receptor-ligand kinetics. For attachment, we
develop a simple expression for the formation of bonds
between cell receptors and a ligand-coated surface as a
function of the dimensionless attachment time (Ta) and
the dimensionless receptor/ligand dissociation constant
(K). For detachment, we derive an expression for the
number of bonds as a function of the dimensionless force
acting on the bonds (a), the dimensionless time (r), and K.
In addition, we develop an expression to examine the
possible existence of a stable steady state solution repre-
senting adhesion as a function of a and K. Next, we review
the probabilistic approach to modeling chemical reac-
tions. For attachment, we use the expressions developed
by McQuarrie (23) for bond formation in solution to
examine the mean bond number and variance as a
function of Ta and K; and for detachment, we develop an

Deterministic model for
receptor-ligand kinetics
For the present analysis, we make three simplifying
assumptions which are also made by Hammer and
Lauffenburger (30). First, the cell possesses only one

receptor class available for binding to the ligand; there-
fore, the affinity and rate constants are constant. Second,
the distribution of complexes is homogeneous within the
contact area. Third, the ligand density (NL) is much
greater than the receptor density (NR), so NL remains
approximately constant. In addition, we are choosing to
neglect diffusion of additional receptors from other re-

gions of the cell in this work.
For cell attachment in the absence of fluid stress, the

deterministic conservation equation for the reaction be-
tween receptors on a cell surface and immobilized ligand
is represented by:

(1)

where C is the number of receptor-ligand complexes, ta is
the attachment time, RT is the total number of receptors
available for binding within the contact area, and ko and
ko are the forward and reverse rate constants, respec-

tively. ko/ko is the equilibrium dissociation constant, the
reciprocal of the affinity constant, K°.

For cell detachment in the presence of fluid stress, the
hydrodynamic force exerted on the cell stresses the bonds
with the surface, decreasing the duration of each interac-
tion as well as the equilibrium bond density. Bell (36)
models the effect of an external force (such as the
hydrodynamic force) on the bonds by replacing ko by kr,
where:

kr = ko exp (yFT/kbTC), (2)

where FT is the total force exerted on the bonds; -y is the
range of the interaction; kb is the Boltzman constant; and
T is the temperature. This expression is based on the
assumptions that nonspecific forces play a negligible role
in countering the hydrodynamic force, the specific interac-
tion involves only one receptor class, and the force per

bond and bond density are uniform within the contact
area. We substitute the expression in Eq. 2 into Eq. 1 for
ko to develop the appropriate equation for detachment. FT
can be estimated with a force and torque balance, such as

that developed by Hammer and Lauffenburger (30) for
receptor-mediated cell adhesion with a spherical cell.
Their model also assumes that the nonspecific adhesive
force is negligible, one receptor class is available for
binding, and the force per bond and bond density are
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uniform. The stress distribution has also been modeled as
a function of position within the contact area (37-39),
with cell detachment occurring by "peeling" off of the
surface, rather than as uniform, with cell detachment
occurring when all of the bonds have broken. With
"peeling," bonds in a given region are broken as the
membrane in that region "peels" away from the surface;
therefore, the probabilistic model would have even in-
creased importance because fewer bonds need be de-
scribed.
We define the following dimensionless parameters:

= CIRT Ta=kONLta T = kfNLt

K = k?/k NL a = [y/kbTRT]FT,

where is the dimensionless bond number, Ta is the
dimensionless attachment time, r is the dimensionless
time, K iS the dimensionless dissociation constant, and a is
the energy acting on the bonds scaled to the thermal
energy, defined as the dimensionless force. This yields the
attachment and detachment equations in dimensionless
form:

dO/dra = (1 - t) - KO (3)

The left-hand side (lhs) of Eq. 6 is the dimensionless rate
of bond formation and the right-hand side (rhs) is the
dimensionless rate of bond breakage. For the steady state
analysis, we plot the lhs and the rhs vs. for a given a and
K (see Fig. 1). From these plots, we are able to determine
the number of steady states (the number of roots for Eq.
6) as well as the stability of the steady states. A stable
steady state with > 0 would represent adhesion. This
information will provide a basis for understanding predic-
tions of the deterministic model for cell adhesion behav-
ior.

1.0 -
a rh
Nhs\

a=1.8

0.0 . .
0.0 0.2 0.4 0.6 0.8 1.0

0

and

dO/dr = (1 - 0) - KO exp (a/0), (4)

respectively. Eqs. 3 and 4 are deterministic equations
because, given the value of 0 at some dimensionless time
(taken as the initial condition), the value at any other
dimensionless time is fixed, with no apparent fluctuations
or deviations about the values.
The initial condition for attachment is: r-a = 0, 0 = 0.

This simply states that no bonds have formed at t. = 0.

We solve Eq. 3 for as a function of ra and obtain:

0 = (1 + K) ' 1 - exp [-(1 + K) ra.] (5)

The initial condition for detachment is obtained from
the expression for (Eq. 5) evaluated at the appropriate
value of ra. Eq. 4 is solved numerically, using the
Runga-Kutta method (40). We define detachment as

occurring when the bond number is equal to zero, i.e.,
when = 0. Thus, when 0 > 0, all cells are attached,
whereas when = 0, no cells are attached. Clearly, this
predicts "all-or-none" behavior for a homogeneous sys-

tem.
The steady state analysis of detachment also provides

some useful insight on the dynamic behavior. At steady
state, Eq. 4 reduces to the following:

(1- 0) = KO exp (a/8). (6)

2-

1

a= 1.9

0.4 0.6 0.8

c
rhs

lhs

a = 2.3

0.0 0.2 0.4 0.6 0.8 1.0

0

FIGURE 1 Results of the deterministic steady state analysis of detach-
ment. Here, the dimensionless rate of bond formation (lhs of Eq. 6) and
the dimensionless rate of bond breakage (rhs of Eq. 6) are plotted vs. the
dimensionless bond number (0) at K = 0.029. (a) The dimensionless
force (a) is equal to 1.8; (b) 1.9; and (c) 2.3.

844 Biophysical Journal Volume 58 October 1990

0n 4u

844 Biophysical Journal Volume 58 October 1990



Probabilistic model for
receptor-ligand kinetics
Most kinetic data do not follow the deterministic solution
exactly, but fluctuate about it (23-25). This is especially
true when the number of reacting molecules is relatively
small. Probabilistic modeling of chemical kinetics can be
used to include the deviations about the values for the
reactant(s) and product(s). We assume that the behavior
of a system is Markovian, determined entirely by knowl-
edge of the most recent condition, i.e., its future depends
only on its present state and not on its past (31-33). A
chemical reaction can best be modeled by a particular
class of process called the birth-death process (23, 24, 32,
33). This process was originally used to study the fluctua-
tions that exist in the number of individuals in a popula-
tion with respect to time. We use the birth-death concept
for chemical kinetics to develop a probabilistic description
of the reaction between receptors on a cell surface and
immobilized ligand. This seems appropriate a priori for
two reasons. First, the total number of receptors on a cell
is fairly small, roughly 103-107 (41). Second, transient
experimental data exhibit temporally-continuous changes
in state, rather than "all-or-none" behavior (see Part 2
[35]). Here, we again assume that the number of total
receptors in the contact area is constant, the distribution
of complexes is uniform, the ligand density is much
greater than the receptor density, and the rate constants
are constant.
We define PC(t) as the probability that there are C

receptor-ligand bonds, or complexes, at time t. The
probability that there are C complexes at time t + At is
given by the following:

Pc(t + At) = pC(t)

+ k?NL[RT - (C -1)] P(C-1)(t)At

-[k?NL(RT - C)PC(t)At

+ k?CPc(t)At]

+ k°(C + 1) P(c+1)(t) At

+ 0 [(At)2], (7)

where At is a small step of time. The second term on the
rhs of Eq. 7 represents the probability of having (C - 1)
complexes at t and adding one during At; the third and
fourth terms are the probability of having C complexes at
time t and adding one or losing one during At, respec-
tively; and the fifth term represents the probability of
having (C + 1) complexes at t and losing one during At.
Notice that this expression is for bond formation in the
absence of stress. We take the limit in Eq. 7 as At , 0 to
obtain the so-called Master equation for the probability of

a given number of bonds (Appendix 1). This provides us

with RT + 1 coupled ordinary differential equations.
McQuarrie (23) uses the method of generating func-

tions with the Master equation for a reversible first-order
reaction in solution to derive expressions for the mean

number of reactant and for the variance as a function of
time. The Master equation used by McQuarrie is identi-
cal to that for cell attachment in the absence of fluid
stress. Therefore, we rearranged his results to yield the
following expressions for the mean bond number ((0))
and for the variance in bond number (a2) as a function of

(0) = (1 + K)' {1 - exp[-(1 + K)Ta]} (8)

and

-2= (1 + K) -2(K{l exp[-(1 + K)ra]I
+ exp[-(1 + K)raI - exp[-2(1 + K)Ta]), (9)

respectively. This expression for (0) is identical to that for
0 from the deterministic attachment model (Eq. 5). For
the deterministic model, however, a2 does not exist be-
cause no fluctuations about the values are allowed. At
steady state, Eq. 8 and Eq. 9 reduce to:

(0) = (0), = (1 + K) ' (10)

and

2 = 2= K/( + K)2, (11)

respectively, where (0), is the steady state value of (0)
and a, is the steady state value of a2.

For cell detachment in the presence of fluid stress, we
simply substitute the expression for kr (Eq. 2) into Eq. 7
for ko and take the limit as At 0 to obtain the Master
equation. We put the Master equation in dimensionless
form; take the limit as 6 0, where 6 = 1 /RT (a
reasonable approximation for RT >> 1); and expand the
probabilities and the exponential part of the reverse rate
constant in a Taylor's series about Pe and exp (a/0),
respectively (Appendix 1). The resulting equation is a

Fokker-Planck equation, which gives the time evolution of
the probability density function, p(0, r), for the system
(31-33), where p is a density of probability measure of
the event for the event space (the range of 0 that is of
interest) (42). The Fokker-Planck equation can be writ-
ten in the form:

Op/Or = -/aO [A (0)p] + (/2)O2/02 [B(0)p], (12)

where:

A(0) = (1 - 0) - KO exp (alo) (13)
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and

B(0) = [(1 - 0) + KO exp (a/0)16. (14)

The Fokker-Plank equation can also be written in the
form:

ap/Or + 0J/00 = 0, (15)

where J is the probability current (33) (Appendix 1).
The initial condition for Eq. 12 is obtained from the

expressions for (6) and a2 evaluated at the appropriate
value of Ta (Eqs. 8 and 9). At 0 = 1, there is a reflecting
barrier, a result of the fact that probability cannot leave
the event space, i.e., there can never be greater than RT
bonds (0 > 1). Therefore, the boundary condition at 0 = 1

states that the net flow of probability across this barrier is
zero:

J(1, r) = 0.

Both A(8) and B(0) are discontinuous at 0 = 6; neverthe-
less, there is free motion across this point. This discontinu-
ity is a result of the fact that a bond cannot be broken if
there is no bond to break (which is the case between 0 = 0
and = 6). Because the probability and the current must
be continuous across = 6, the boundary condition is
(Appendix 1):

0 = 62[p(6, T)/lO] - [a - 36]p(6,). (16)

The Fokker-Planck equation for detachment is solved
numerically, using a predictor-corrector method (43, 44).
This solution technique introduces p(O, r), which is as-

sumed to be equal to zero, i.e., = 0 is assumed to be
"absorbing" (33). Physically, this means that once all of
the bonds have been broken, a cell detaches and is unable
to reattach. For consistency with this formulation, it is
important that the initial condition include the point
p(0, 0) = 0. A normal (Gaussian) distribution with the
mean and variance predicted by Eqs. 8 and 9 predicts
positive values for p(0, 0); therefore, we use a lognormal
distribution (45) with the same mean and variance. We
recognize that the use of this distribution could affect the
quantitative results; however, in general, it should not
affect the qualitative behavior. One exception is the
lognormal distribution cannot accurately describe the
detachment behavior when the initial probability at small
0 is significant (as is the case for large K and/or small Ta

[see Eqs. 8 and 9]). On the other hand, when the initial
probability at small is negligible (as is the case for small
K and/or large Ta), p(O, 0) can be set equal to zero in the
normal distribution. Here, results obtained with the
normal and with the lognormal distributions are identical.
The numerical results give the distribution of the

probability density function from 0 = 6 to 0 = 1 as a

function of T, K, and a. The probability of any event is

found by integrating the probability density function for
the event over the event space (42). In other words, the
area under the curve for the distribution from = 6 to
0 = 1 provides the value for the probability of having
bonds (Pb), which we define to be the probability of the
cell remaining attached. This area is obtained by numeri-
cal integration, using Simpson's rule (46).

GENERAL MODEL RESULTS

In this section, we present the results of the probabilistic
and deterministic analyses of attachment and detach-
ment. Throughout this section, the probabilistic predic-
tions are compared and contrasted with the deterministic
predictions. We show that the deterministic approach can
yield some inaccurate results; e.g., it can underestimate
the time required for cell attachment, it can overestimate
the time required for cell detachment for a given level of
force, and it can overestimate the force necessary for cell
detachment. In addition, a deterministic model cannot
account for temporally continuous cell attachment or
detachment behavior. Ranges of the various parameter
values, taken from some literature sources, are shown in
Table 1.

Attachment
The probabilistic attachment model predicts (0) (Eq. 8)
and a2 (Eq. 9) as a function of Ta and K. The deterministic
attachment model predicts 0 (Eq. 5), where 0 is equal to
(0), but does not allow for fluctuations about 0 (a2 = o).
In Fig. 2, we illustrate the change in (0) with ra for K
equal to 0.0029, 0.029, and 0.29. The plots in Fig. 2 show
three trends. First, at small values of Ta, (0) increases

TABLE 1 Estimated parameter values

Parameter Symbol Range for cells

Receptor number/cell RTC 103-107 (41)
Ligand density NL 1011-1012 Cm-2 (49)
Bondnumber C 0-3,000 (47, 50)
Affinity constant K° 10-"-10-5 cm2 (41)
Forward rate constant ko 10- -10-8 cm2/s*

10-14-10-11 CM21S*
Reverse rate constant ko 10- _10-2 s- (54)
Range of interaction 'y 0.5 nm (36)
Fluid force FT 010- 3 dyn (37)
Attachment time ta 0-120min (6,13,21)
Temperature T 273-310 K

*For a diffusion-limited ligand-receptor interaction (51), where the
lateral translational diffusion coefficient (D) of the receptor is typically
between 10-"-10-8cm2/s (52).
tSmaller values are seen when the receptor-ligand interaction is not
diffusion limited (53).
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FIGURE 2 Results of the probabilistic attachment model. Here, we
show a plot of the dimensionless mean bond number ((0)) vs. the
dimensionless attachment time (7a) at various values of the dimension-
less dissociation constant (K).

with Ta. Second, at large Ta, steady state is established, i.e.,
(0) = (MS). Third, as K increases, (0), decreases, consis-
tent with Eq. 10. The change in a2 with Ta is illustrated in
Fig. 3 for the values of K in Fig. 2. The plots in Fig. 3 show
three trends. First, a2 increases then decreases with Ta.

The simplest explanation for this trend is: at Ta = 0,0 = 0

for all of the cells, whereas at larger Tag 0 = 0A for most of
the cells. Therefore, the initiation of bond formation
results in an early increase in a2, and the approach to
steady state results in a later decrease in a2. Second, at

22 2large Ta, 0U reaches steady state, i.e., a2 = a.. Third, as K

increases, ,2increases, consistent with Eq. 11.
In this analysis, the decrease in K could result from an

increase in k'NL and/or a decrease in ko K-1 and Ta are

not independent, both are linearly proportional to koNL.
Therefore, if ko remained constant and k?NL varied, ta

would be inversely proportional to k1 NL at a given Ta. As a

0.3 -

0.24

result, plots of (0) vs. ta and of u2 VS. t2 would look
different than those in Figs. 2 and 3, respectively. For
example, for k'NL equal to 0.07, 0.7, and 7 min-' (with
ko equal to 0.02 min-1), Ta equal to 1 is equivalent to a ta
of -14, 1.4, and 0.14 min, respectively. Therefore, as K

decreases, the initial rate of increase in (0) increases, and
steady state is reached sooner (see Fig. 4). Correspond-
ingly, as K decreases, the initial rate of increase in a2
increases, with steady state reached sooner (not shown).
If, however, ko varied and k?NL remained constant, ta
would be the same at a given Ta, regardless of the value of
K. Therefore, plots of (0) vs. ta and of a2 VS. t2 would have
the same features as those in Figs. 2 and 3, respectively.
A cell can be considered to be currently attached to a

surface when 0 2 6, i.e., when at least one bond exists. In
Fig. 5, we compare the deterministic and probabilistic
predictions for the fraction of adherent cells (r) as a

function of Ta at K = 0.029. For the probabilistic analysis,
r is calculated using a normal distribution with the values
of (0) and u2 predicted by Eqs. 8 and 9, respectively.
These two analyses show very different attachment behav-
ior. First, the deterministic model predicts that there is a

dimensionless time lag of -8 x 10-4 before the onset of
adhesion, whereas a portion of cells are predicted to
attach almost instantaneously in the probabilistic model.
Given estimates of k1NL in the range of 10-2_106 min-'
(see Table 1) though, the deterministic lag should most
often be negligible. Second, all of the cells attach (D = 1.0)
at the same value of Ta in the deterministic model, a result
of the fact that there are no fluctuations about 0. In the
probabilistic model, however, r increases rapidly at first

0 1 2 3 4 5 6

t,(min)

FIGURE 4 Results of the probabilistic attachment model. Here, we
show a plot of dimensionless mean bond number ((8)) vs. dimensional
attachment time (ta) at different values of the dimensionless dissociation
constant (K), where a change in K is assumed to be the result of a change
in the forward rate constant (k,) and/or the ligand density (NL). For
these analyses, k'NL is equal to 0.07, 0.7, or 7 min-' and k° is equal to
0.02 min- ' (K is equal to 0.29, 0.029, or 0.0029, respectively).
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FIGURE 3 Results of the probabilistic attachment model. The variance
(a2) is plotted as a function of the dimensionless attachment time (ia) at
different values of the dimensionless dissociation constant (K).
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........ .Deterministic

Probabilistic

0.0 0.5 1.0 1.5
Ta 10

FIGURE 5 Results of the deterministic and probabilistic analyses of
attachment. Here, we compare plots of the fraction of adherent cells (t)
as a function of dimensionless attachment time (ra) for a dimensionless
dissociation constant (K) of 0.029. A cell is considered to be currently
attached to the surface when at least one bond exists.

and then slowly as r. increases. This behavior can be
attributed to the rapid increase in a2 at small ra (see Fig.
3). Initially, a2 and (0) are both small, so the dimension-
less rate of increase in r is large. Then, a increases rapidly
and (0) is still relatively small, so we see a decrease in the
dimensionless rate of increase in t. Eventually (at T. t 2.0),
the probabilistic model predicts v = 1.0. This difference
in attachment behavior indicates that the deterministic
approach underestimates the attachment time required
for all of the cells to become attached to the surface. The
magnitude of the underestimate again depends on the
value of k'NL, but it can be significant at the small end of
the range. For example, for Ta equal to 8 x 10-4 and 2.0,
kfNL 10-2 min- l is equivalent to ta of 0.08 and 200 min,
respectively; however, k NL t 106 min-' corresponds to te
of 8 x 10-1o and 2 x 10-6 min, respectively, both of which
are negligible.

Detachment
We are particularly interested in interpreting experimen-
tal data on the time-dependent detachment of a given cell
type from a given surface over a range of shear stresses. In
a given experiment, we assume that ko, ko, NL, y, T, and
RT are constant; therefore, a is linearly proportional to FT.
Consequently, we can analyze a given experiment with
the probabilistic model by examining how p(0) and Pb
change with T at various values of a for a fixed set of
parameters. In addition, we can use the deterministic
analysis to examine the change in 0 with as well as the
existence and stability of the steady states at various
values of a for this same fixed set of parameters.

Unless otherwise stated, in the following analyses, we

assume that K = 0.029. For RT > 10, the results as

presented (in dimensionless form) are not a function of RT
because a << 1. FT is linearly proportional to RT for a given
a at constant T and y. Therefore, a change in RT simply
changes the value of FT used in the analyses. In addition,
unless otherwise stated, the initial condition for detach-
ment is evaluated at Ta = 2.0. For the deterministic model
with K = 0.029, this gives 0(0) = 0.84 (Eq. 5); and for the
probabilistic model, this gives an initial probability distri-
bution (p[O, 0]) with (0) = 0.84 and a2 = 0.13 (Eqs. 8
and 9, respectively).

Deterministic analysis
A stable steady state is defined as As, and an unstable
steady state as Ou. Typical results for the effect of a on O,

and Ou are illustrated in Figs. 1, a-c for a equal to 1.8, 1.9,
and 2.3, respectively. Each figure consists of a plot of the
lhs and of the rhs of Eq. 6 vs. 0, where the lhs is the
dimensionless rate of bond formation and the rhs is the
dimensionless rate of bond breakage. In Figs. 1, a-c: OU is
0.52, 0.62, and nonexistent, respectively; and 0, is 0.77,
0.69, and nonexistent, respectively. Figs. 1, a and b can be
divided into three regions. First, for O. < 0 s 1.0, the
magnitude of the rhs is greater than that of the lhs;
therefore, the "driving force" is toward bond breakage.
As a result, if 0 started in this region (0, < O[0] < 1.0), the
value of 0 would decrease as r increased, and eventually a

stable steady state would be established for which 0 = 0A.
Second, for Ou < 0 < O., the magnitude of the lhs is greater
than that of the rhs; therefore, the "driving force" is
toward bond formation. If 0 started in this region, the
value of 0 would increase with r until 0 = Os. Third, for
0 < 0 < Ou, the rhs is greater than the lhs. Therefore, if 0
started in this region, the value of 0 would quickly drop
with r until 0 = 0. We assume that a cell detaches from
the surface when 0 = 0. Fig. 1 c consists of only one

region, equivalent to the third region in Figs. 1, a and b;
therefore, there are no steady states. Here, regardless of
0(0), the value of 0 drops with r until 0 = 0.
Zero is the only value of a that gives a single steady

state that is stable. For a > 0, there are either two steady
states (one stable and one unstable), one unstable steady
state, or no steady states. From Figs. 1, a and b, we see

that as a increases, Ou increases, and 0A decreases. As a

result, the size of the second region decreases, whereas the
first and third regions increase. Eventually Ou = 0A, and, at
this value of a, defined as the critical value of a (ac), there
is no longer a stable steady state. For a > ac, there are no

steady states (stable or unstable). If 0(0) is greater than or

equal to the value of 0 at which Ou = O., then: for a < a,, 0

changes with r until 0 = As; and, for a > a_,. 0 decreases
with r until 0 = 0. If 0(0) is less than the value of 0 at
which Ou = 0A; then all of the cells remain adherent until
the value for a at which 0(0) = Ou. For this value of a and
greater, all of the cells detach. Typically, however, 0(0) 2
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o(ou = As), and, unless otherwise stated, we assume this to
be the case. As a result, a plot of PF (the "final" fraction of
adherent cells) vs. a is a step function, with {F = 1.0 for
a < ac and F = 0 for a - ac

In Fig. 6, results for the fraction of adherent cells (t) as

a function of r are shown at several values of a. Values of
a around 2 correspond to a force, FT, of roughly 4 x 10-4
dyn, for typical values of related parameters, y = 0.5 nm,
T = 310 K, and RT = 250 (recall, this is receptors/con-
tact area, assuming no accumulation due to diffusion from
other regions of the cell). This value for the force is on the
order of that acting on a white blood cell adhering to a

blood vessel wall (37). As mentioned, we define cell
detachment as occurring when all of the bonds have
broken (when 0 = 0). The plots in Fig. 6 show several
interesting trends. First, r remains at one at the lower
range of a and drops to zero at the higher range of a. This
is consistent with the steady state analysis which predicts
that {F= 1.0 for a< aCand {F= 0for a>a Here, ac is
between 1.9 and 2.0. Second, as a increases, the value of r

at which the value of r drops to zero decreases. This is a

result of the fact that, as a increases, kr increases at all
values of 0, increasing the driving force toward detach-
ment (see Eq. 2). Third, for a 2 ac, t = 0 (0 = 0) at a

given T for a given a. In other words, all of the cells detach
at the same T, a result of the fact that fluctuations about 0

are not allowed. Hence, typical experimental data which
come in the form of the fraction of adherent cells (r) as a

function of time cannot be easily interpreted with the
deterministic formulation (see Part 2 [35]).

Probability density function
In Figs. 7, a-c, the probabilistic results for p(O) as a

function of r are shown for a equal to 1.8, 1.9, and 2.3,
respectively. These results show several interesting trends.
Three of the trends are fairly evident and are discussed
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FIGURE 7 Results of the probabilistic analysis of detachment. The
probability density function (p[O, r]) is plotted vs. the dimensionless
bond number (0) at several values of dimensionless time (T). (a) The
dimensionless force (a) is equal to 1.8; (b) 1.9; and (c) 2.3. For these
analyses, K = 0.029; and the initial distribution (p[O, 0]) is lognormal
with (0) = 0.84 and a2= 0.13.

here (other features are discussed in the following sec-

tions, where they are more readily seen). First, the area

under the distribution (Pb) becomes fairly constant at
larger r, reaching a "final" or "steady state" value of
Pb(F). In these figures, Pb(F) is 0.79, 0.63, and 0.0,
respectively. Here, we should mention that as r -- c,

p(O, oo)-0 (33), a result of the assumption that 0 = 0 is
"absorbing" (p(O, r) = 0) (33). In other words, after Pb
reaches what appears to be a "steady state" value, there is
an extremely small, nearly negligible probability loss that
continues with r. Second, at large r, the maximum in
p(O), defined as Pm. occurs at 0 O., where s, is the stable
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FIGURE 6 Transient results of the deterministic detachment model.
The fraction of adherent cells (r) is plotted vs. the dimensionless time (T)
at several values of dimensionless force (a). For these analyses, K =
0.029; and the initial condition is 0 = 0.84.
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steady state that is predicted by the deterministic steady
state detachment analysis (see Figs. 1 a and b). Third, Pm
(O.) and pb(F) decrease as a increases.

Probability of bonds (Pb)

Pb profiles as a function of a are shown in Fig. 8. We
defined Pbto be the probability of cell adhesion; therefore,
it is equivalent to '. Here, we see five trends, some of
which are evident in Figs. 7, a-c as well. First, probability
loss (cell detachment) begins instantaneously, i.e., there is
not a lag before the start of detachment. Second, detach-
ment occurs over a range of r rather than at one particular
r. Third, the dimensionless rate of probability loss (dimen-
sionless detachment rate) decreases with r, and, conse-

quently, Pb(F) appears fairly constant at larger r. Fourth,
Pb(F) is a function of a. Fifth, the initial dimensionless
detachment rate increases with a. In contrast, the deter-
ministic model predicted that all of the cells detach for
a 2, ac, and all of the cells remain attached for a < ac (see
Fig. 6). In addition, it did not allow for fluctuations in 0;

therefore, at a given a, all of the cells detach at the same r,

rather than over a range of r.

The deterministic steady state analysis predicted that
certain values of a yield three different zones (see Figs.
1, a and b). For an initial probability distribution with
O'2> 0, we may have probability in all three regions at r =

0, i.e., cells with a range of 0 (see Fig. 7). For 0A < 0 < 0,

and for 0A < 0 < 1.0 (any cells with 0> 0A), the
deterministic analysis predicted that the "driving force"
is toward the stable steady state (0,) and adhesion. For
0 < 0 <0, (any cells with 0 _ 0Au), the "driving force" is
toward bond breakage and detachment, in addition, this
"driving force" rapidly increases as 0 decreases, a result of
the exponential term in the expression for kr (Eq. 2).
Here, we use this model to analyze the five trends seen in

1.0

Pb0.8a=1.8

0.6

Pb ~~~~~~~~~2.0

Fig. 9. First, any cells with very small 0 are predicted to
detach almost instantaneously. Second, detachment is
expected to occur over a range of T (as 0 increases from 6
to 0u, it takes longer to detach). Third, the rate of
detachment is predicted to decrease as r increases, reach-
ing a value of essentially zero for larger values of r

because cells with a driving force toward detachment are

removed, leaving those with a driving force toward
adhesion. Fourth, the deterministic steady state detach-
ment analysis indicated that as a increases, Au increases.
This increases the amount of probability with 0 < 0A at
r = 0, accounting for the fact that Pb(F) decreases as a

increases. Fifth, as a increases, kr increases at all values of
0, which increases the detachment rate; therefore, the
initial detachment rate is also predicted to increase. This
analysis is the deterministic detachment analysis for a

probabilistic initial condition. Detachment is, however,
also predicted to be probabilistic. Therefore, even if the
number of bonds is sufficient for adhesion, there is a

continuing probability that the bonds will dissociate and
the cell will detach. Likewise, even if the number of bonds
is less than that required for adhesion, there is a continu-
ing probability that enough bonds will form and the cell
will remain attached. This probabilistic behavior adds to
the fluctuations (with respect to the dimensionless time of
detachment and fraction of cells that detach) seen in the
probabilistic analysis of detachment.
The shape of the Pb profile at a given a depends on the

initial probability distribution (p [0, 0]), in particular, on

the variance (a2). The profiles in Fig. 8 are typical for
combinations of K and Tr that give a2 > 0 at r = 0. Initial

b(F)

c = 0.050
0.029
0.017

0.5 1.0

a /a
c

1.5

FIGURE 9 A plot of the final value for the area under the probability
density function (Pb(F)) vs. the dimensionless force acting on the bonds
(a) divided by the critical value of a (a,) (where ac is value at which
Pb(F) = 0.5) at several values of the dimensionless dissociation constant
(K). The results shown are for k.NL equal to 0.4, 0.7, and 1.2 min-' with
ko equal to 0.02 min- ' (K equal to 0.050, 0.029, and 0.017, respectively).
The initial distribution (p[6, 0]) is lognormal with (6) # 0.84 and a2
0.13.
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FIGURE 8 A plot of the area (Pb) under the probability density function
for detachment vs. dimensionless time (r) at various values of the
dimensionless force (a). These results are typical for initial probability
distributions (p[6, 0]) with a& > 0; here, K = 0.029 and (p[6, 0]) is
lognormal with (6) = 0.84 and a' = 0.13.
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distributions with a2 O, however, yield profiles with a

different form. These differences are discussed in detail in
Appendix 2. In general, the detachment analyses for a2>
0 at T = 0 yield results that are similar to detachment
data for model cells in the Radial-Flow Detachment
Assay and for cells in other adhesion assays (see Part 2
[35]); therefore, we concentrate on these parameter
ranges.

"Final" value of Pb
Figs. 7 and 8 show that pb(F) is a function of a, where pb(F)
is equivalent to RF, the "final" fraction of adherent cells.
Typically, the critical force exerted on a cell in an

adhesion assay is defined as the value at which 50% of the
cells detach, i.e., at which RF = 0.5 (22, 47, 48). For
consistency, we define the critical value for a (ar) to be the
value at which pb(F) = 0.5. In the deterministic analysis,
we defined ac as the smallest value of a for which PF = 0

because either all of the cells are adherent or all of the
cells detach, i.e., there is no value of a at which PF = 0.5.
In Fig. 9, we show the effect of a change in NL on Pb(F) as a

function of a/ac for k NL equal to 0.4, 0.7, and 1.2 min-'
with ko equal to 0.02 min-' (K equal to 0.050, 0.029, and
0.017, respectively). Here, we assume that the change in K

is the result of a change in NL, although the results are the
same for a change in ko and/or NL. We focus on the effect
of NL because it is relatively simple to vary experimen-
tally and, consequently, it is a key parameter for which
data are available. By definition, Pb(F) = 0.5 at a/ac =

1.0; therefore, all three plots contain this point. The plots
in Fig. 9 are somewhat sigmoidal. In contrast, the
deterministic model predicted that the detachment curve

for RF vs. a would be a step function, with VF = 1.0 at a <

ac and PF = O at a - ac. The results in Fig. 9 also show
that the range of a/ac over which there is a drop in Pb(F)
decreases as K decreases (NL increases). In addition, these
results predict that the value of ac increases as K de-
creases, having a value of - 1.7, 2.0, and 2.3, respectively.
Therefore, for a given a, Pb(F) increases as K decreases.
This is consistent with predictions of Hammer and
Lauffenburger (30) in the "affinity controlled" regime
(applicable for low affiuity) that the adhesive force
increases as the ligand density and/or receptor-ligand
affinity constant increase.

Half-life for Pb
Because the value of Pb becomes fairly constant at larger
r, we can characterize a Pb vs. T plot by its half-life (r1/2),
where TI/2 is defined as the value for r at which half of the
loss in Pb has occurred, i.e., at which Pb = 0.5 (1 + Pb(F)).
We define: = Tl/2/T(l/2)m; and am = a(T(1/2)m), where
T(1/2)m is the maximum value of T1/2at a given K, iS the
dimensionless half-life at a given a for a given K, and am is

the value of a at which T1/2 = T(1/2)m. By definition,
a/am = 1.0 at = 1.0. In addition, = O at /am = 0

because detachment is negligible so Pb(F) is reached
instantaneously. The effect of a change in NL (K) on as a

function ofa/lm is illustrated in Fig. 10 for the parameter
values in Fig. 9. Fig. 10 shows that increases then
decreases as a/am increases. In addition, does not
appear to be a strong function of K (over this range of K)
for 0 < a/am < 0.6 and 1.0 < a/am < 1.4. However, for
0.6 < a/am < 1.0, as K increases, increases. As a result,
the range of a/am over which there are appreciable
values increases as K increases (NL decreases). In addi-
tion, these results predict that the value of am increases as

K decreases, having a value of - 1.9, 2.2, and 2.4, respec-

tively.
A simple explanation for the biphasic dependence of

on a is the following. For small a, the deterministic steady
state detachment analysis predicted that Au is very small
and As decreases only slightly. Therefore, only a small
fraction of the cells detach and those detach quickly. In
other words, the perturbation is not that significant, and a

new steady state is rapidly established. For large a,

however, there are no stable steady states. Hence, the
driving force is toward detachment for all of the cells. In
addition, the larger the value of a, the larger the driving
force for detachment (Eq. 2); so, the smaller the half-life.
As a result, it is the intermediate values of a that yield
larger values for the half-life. As a increases within this
intermediate range, Ou increases, increasing the amount of
probability (number of cells) with 0 <Ou at r = 0. This
increases the amount of time required for the cells that
should detach to detach, increasing the half-life. In
addition, because bond formation is probabilistic, cells

'v

,C = 0.050
0.029
0.017

a /a
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FIGURE 10 A plot of the dimensionless half-life (') for probability loss
vs. the dimensionless force (a) divided by the value of a at which the
half-life is maximal (am) at several values of the dimensionless dissocia-
tion constant (K). The results shown are for kfNL equal to 0.4, 0.7, and
1.2 min-' with k1 equal to 0.02 min-' (K equal to 0.050, 0.029, and
0.017, respectively). The initial distribution (p[B, 0]) is lognormal with
(0) m0.84anda20.13.
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with 0 < Ou may remain attached and cells with 0 > Ou may
eventually detach. In other words, there is something
analogous to a "tug-of-war" about 0A between attachment
and detachment.

Comparison of deterministic and
probabilistic analyses
Figs. 6 and 8 show the detachment behavior predicted by
the deterministic analysis and by the probabilistic analy-
sis, respectively, at several values of a. The deterministic
model predicts that all of the cells detach at a given r for
larger a, whereas the probabilistic model predicts that a
portion of the cells detach over a range of r. These plots
can be characterized in terms of Tct, where rct is the value
of r at which ¢ = 0.5 (equivalent to the value of r at which
t = 0 in the deterministic analysis). In Fig. 11, we
compare the deterministic and probabilistic predictions
for a as a function of rct. (For a < 1.91, the deterministic
model predicts that RF = 1.0 and the probabilistic model
predicts {F > 0.5; therefore, these plots do not extend
below this value of a). This figure clearly shows that the
deterministic model overestimates the dimensionless time
required for detachment for a given level of force, in some
ranges by as much as an order of magnitude. The size of
the overestimate in dimensional time (t) depends on the
value of k NL. For example, at K = 0.029 and a = 2.9, the
deterministic model predicts that all of the cells detach at
Tct , 0.3, whereas the probabilistic model predicts that
50% of the cells detach by Tct ; 0.1. For koNL > 10-2
min -, these values of Tct correspond to 30 and 11 min,
respectively; for koNL > 106 min- 1, however, these values
of Tct yield 3 x 10-7 and 1 x 10-7 min, respectively.

We define: ti = k?tct, where tc is the time at which t =
0.5 (equivalent to the time at which r = 0 in the
deterministic analysis) and X is the dimensionless critical
transient time. Here, we again assume that the change in
K iS the result of a change in NL, the results would,
however, be identical for a change in ko and/or NL. In Fig.
12, we show the deterministic and probabilistic analyses
of act as a function of K for v = 0.02, where act is the value
of a at which r = 0.5. For a given K, the initial condition
for the deterministic analysis is the steady state value of 0
that is predicted by the deterministic attachment model,
and the initial distribution for the probabilistic analysis is
lognormal with the steady state values of (0) and cr2 that
are predicted by the probabilistic attachment model (see
Eqs. 10 and 11, respectively). The lognormal distribution
is used to insure that p(0, 0) = 0; however, the use of this
distribution limits the range of K that can be examined
with our model to values < -1. This limitation results
because the detachment behavior cannot be accurately
described when the initial probability at small 0 is
significant, which is the case for large K. In Fig. 12,
therefore, we extrapolate the probabilistic results to
examine larger values of K. This extrapolation can be
justified on the basis of the probabilistic attachment
analysis of the fraction of adherent cells at steady state (in
the absence of fluid stress), which yields values of 0.53
and 0.50 at K equal to 100 and 1,000, respectively.
Therefore, act , 0 at K > 100, whereas the deterministic
model predicts that act - 0.03 at K = 100. In fact, the
extrapolation shown on the plot is probably conservative.
Fig. 12 shows that the deterministic analysis can overesti-
mate the value of a required to detach the cells. The
magnitude of the overestimate depends on the value of K;
at the small end of the range (large kfNL), it is negligible;
at the large end of the range (small k0NL), however, our
extrapolation indicates that the deterministic model can
overestimate act by over an order of magnitude.

4 -3 -2 -1

log %ct

0 1 2

FIGURE ii Comparison of the deterministic and probab
of detachment. Here, we plot the dimensionless force (a) .
the dimensionless time (-rc) at which the fraction of adhe
0.5 (zero in the deterministic model). The results show
0.029. The initial distribution for the probabilistic analyso
with (0) = 0.84 and a2 = 0.13; and for the determinis
0(0) = 0.84.

DISCUSSION

We have developed a probabilistic model of receptor-
Deterministic ligand bond formation to describe the probability of

-Probabilistic receptor-mediated adhesion in a fluid shear field. Our
detachment model extends the deterministic model of
Hammer and Lauffenburger (30) to a probabilistic frame-
work in which we calculate the probability that a certain

..1isti anals
number of bonds between a cell and surface exists. A

as a function of probabilistic framework is used to account for the fluctua-
,rent cells (r) is tions inherent in a chemical reaction involving relatively
in are for K = small numbers of reacting molecules, as is the case with
,es is lognormal cell surface receptor molecules. We investigate two situa-
stic analyses is tions: first, cell attachment in the absence of fluid stress;

and, second, cell detachment in the presence of fluid

852 Biophysical Journal Volume 58 October 1990

4-

oc

3-

2-

. . . . . . . * .-

Biophysical Journal852 Volume 58 October 1990



log a

.---- Deterministic

- Probabilistic

Extrapolation
of Probabilistic

log C

FIGURE 12 Comparison of the deterministic and probabilistic analyses of detachment. Here, we show the deterministic and probabilistic analyses of
ac, as a function of the dimensionless dissociation constant (,K) for a dimensionless critical transient time (11) of 0.02, where act is the value of c at which
r = 0.5 (zero in the deterministic model). For a given K, the initial condition for the deterministic analysis is the steady state value of 0 that is predicted
by the deterministic attachment model, and the initial distribution for the probabilistic analysis is lognormal with the steady state values of (0) and a2
that are predicted by the probabilistic attachment model. The extrapolatation is explained in the text. Here, the change in K is assumed to be the result
of a change in NL, the results would, however, be identical for a change in k,.

stress. In the attachment case, we use the expressions
developed by McQuarrie (23) to examine the expected
variance in bond formation as a function of attachment
time; this also provides an initial condition for the
detachment case. Focusing then on detachment, we pre-
dict transient behavior as a function of key system
parameters, such as the distractive fluid force, the receptor-
ligand bond affinity and rate constants, and the receptor
and ligand densities. Our probabilistic results indicate
that deviations from ideal, deterministic cell attachment
and detachment behavior can be interpreted in terms of
the kinetics. Deviations from ideal attachment and detach-
ment behavior may, however, also result from heteroge-
neous cell properties, such as receptor number and class
(7, 26, 27), and heterogeneous surface properties, such as

the presence of several different proteins that each inter-
act with unique cell receptors (28, 29). The lack of
quantitative information on these heterogeneities, how-
ever, makes it difficult to interpret their role in cell
adhesion behavior at this time. In the remainder of this
section, we summarize our key results.
The probabilistic analysis of attachment indicates how

certain controllable parameters affect the attachment
kinetics, in particular, the dimensionless attachment time
(T.) and the dimensionless dissociation constant (K). Figs.
2 and 3 show that it is desirable to incubate the cell and
the surface for a period of time that is long enough for
maximal bond formation ((0)) with minimal variance
(U2). These figures also indicate that the steady state value
for (0) and a2 increase and decrease, respectively, as K

decreases. Therefore, it is advantageous to minimize K,

which can be achieved by capitalizing on a high affinity
receptor-ligand interaction and/or by increasing the ligand

density. In addition, because 0 is normalized to the total
number of receptors available for binding (RT), the
number or bonds (C) increases as RT increases. There-
fore, the adhesive force is predicted to increase as the
ligand density, receptor density, and/or receptor-ligand
affinity increase. These predictions are consistent with
those of Hammer and Lauffenburger (30) in the "affinity
controlled" regime, applicable for low affinity. The deter-
ministic analysis of attachment predicts identical results
for 0 as those predicted by the probabilistic model for (0),
there are, however, no fluctuations or deviations about the
mean solution, i.e. 2 = 0. As a result, the deterministic
analysis underestimates the attachment time required for
all of the cells to become attached, where we assume that
a cell is currently attached when at least one bond exists
(0 - 5) (see Fig. 5).
When attachment efficiency is optimized, the result is

maximal adhesive force with minimal variance, crucial
for maximal cell adhesion in a fluid shear field. The
probabilistic analysis of detachment indicates how certain
controllable parameters affect the detachment kinetics, in
particular, rag K, and the dimensionless force acting on the
bonds (a). The adhesion efficiency is optimized by maxi-
mizing the final fraction of adherent cells. Our probabilis-
tic detachment analysis (Figs. 8, 9, and Al) suggests that
this can be achieved through minimization of a (a
decrease in the hydrodynamic force and/or an increase in
the receptor density), minimization of K (an increase the
ligand density and/or the receptor-ligand affinity), and
optimization of ra (to maximize the number of bonds and
minimize the variance).

In comparing the deterministic and probabilistic detach-
ment predictions, we find that the deterministic model can
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yield some inaccurate results. The deterministic model
can overestimate the time required for cell detachment at
a given a and K (see Fig. I 1) and the dimensionless force
required for cell detachment in a given period of time at a
given K (see Fig. 12). The magnitude of these overesti-
mates depends on the value of K, but it can be significant at
large K (small k NL). In addition, the deterministic model
predicts that all of the cells detach at a given r for larger a
(see Fig. 6), rather than a portion of the cells over a range
of r (as predicted by the probabilistic model [see Fig. 8]).
Hence, typical experimental data which come in the form
of the fraction of adherent cells vs. time cannot be easily
interpreted with the deterministic model (see Part 2
[35]). Finally, care must be taken in predicting detach-
ment behavior in EC seeding and CAC with a determinis-
tic model because, not only can it overestimate the force
necessary for cell detachment, it cannot predict the small
amount of detachment that can occur for a < ac,
detachment which may ruin the potential success of these
processes.

In Part 2 (35), we use our probabilistic models to
analyze transient data obtained with a model cell system
and the Radial-Flow Detachment Assay. These data
provide an important test of this theoretical framework,
along with the use of parameter values that are consistent
with previous estimates (34). In addition, we compare our

probabilistic predictions with transient data on EC seed-
ing of prosthetic vascular grafts, CAC, and cell adhesion
reported from other assays, recognizing that rigorous
modeling of these data should include physiological ef-
fects (such as diffusion of receptors into the contact area

with time, time-dependent cell deformability, heteroge-
neous properties, and a spatially dependent stress distribu-
tion within the contact area) beyond our basic model
features. Although the theoretical framework used in this
paper can, in general, be extended to include these various
properties, it proves to be quite insightful in its present
form.

APPENDiX 1

Detailed derivation of probabilistic
model for detachment
In Eq. 7, we show the expression for the probability of having C
complexes at time t + At [Pc(t + At)] for attachment in the absence of
fluid stress. For detachment, we substitute the appropriate expression
for the reverse rate constant (Eq. 2) into Eq. 7. In the limit At - 0, Eq. 7
(modified for detachment) reduces to the following:

dPc/dt = k NL [RT - (C - )] P(C -1)

-[k NL(RT - C)Pc
+ kr C exp (yFT/kb TC) PC]
+ kr(C + 1) exp [yFT/kbT(C + l)]P(c+I). (Al)

This equation is called the Master equation. Eq. Al is applicable for
C = 1, 2, .... RT - 1. Separate equations are written for the
probability of zero bonds and for the probability of RT bonds, providing
us with RT + 1 coupled ordinary differential equations. We put Eq. Al
in dimensionless form and obtain:

dPo/dr = RT[1 - (0 -6)]P( -6)

- {RT[(1 - 0) + KOexp (a/8)] PeI

+ KRT(O + 5) exp [a/(@ + 6)] P(e+6). (A2)

We take the limit as a- 0, a reasonable approximation for RT > 1.

Next, we expand the probabilities and the exponential part of the reverse
rate constant in a Taylor's series about P9 and exp (a/@), respectively.
Here, by convention, we neglect terms of order 63 (31-33). The resulting
equation, a "Fokker-Planck equation," is typically written in the form
shown in Eq. 12. It may also be written in terms of the probability
current (J) (as shown in Eq. 15), where (33):

J = A(0)p - ('/2)8/00[B(0)P]. (A3)

At 0 = 1, we have a reflecting barrier; therefore, the boundary condition
is J(1, T) = 0. Both A (0) and B(0) are discontinuous at 0 = 5;

nevertheless, there is free motion across this point. This discontinuity is a
result of the fact that a bond cannot be broken if there is no bond to
break (which is the case between = 0 and 5). The probability and the
current must both be continuous across 0 = 5; therefore J(5+, T) =
J(6-, T) and p(b+, r) = p(b-, T), where evaluation at 5+ and 5-

yield the limits of the quantities from the rhs and the lhs of 6,
respectively. Using these criteria, we obtain the boundary condition
given in Eq. 16.

APPENDIX 2

Effect of p(O, 0) on Pb profiles
The shape of the Pb profile at a given a depends on the initial condition
(p [0, 0]), in particular, on the variance (a-2). a2 is a function of K and Ta
(Eq. 9). In general, combinations of K and Tra that give a2> 0 yield the
profiles shown in Fig. 8; and combinations that give a' . 0 yield the
profiles shown in Fig. A1. The analysis shown in Fig. Al is for K =
0.0035; and a lognormal initial distribution (p[O, 0]) with (0) - 0.99
and a2 - 0.0085. In Fig. Al, at large values of a: there is a dimensionless
time lag before detachment begins, then, as r increases, all of the cells
eventually detach (Pb = 0). In addition, as a increases, the dimension-
less lag period decreases and the value of X at which Pb first equals zero
decreases. At small values ofa (a < 3.4), Pb remains at - 1. Therefore, a
plot of Pb(F) vs. a is essentially a step function, as predicted by the
deterministic model. The dynamic behavior is, however, different
because the deterministic model predicts that all of the cells at a given a
detach at one particular r. Notice that Pb(F) = 1.0 over the range of a
used in Fig. 8.

For a2 > 0, p(O, 0) > 0 over a large range of 0 (see Fig. 7, X = 0); and
for a2 _0, p(0, 0) > 0 over a very small range of 0, close to 0 = 1.0 (see
Figs. 2 and 3). The deterministic steady state analysis predicted that
certain values of a yield three different regions (Figs. 1, a and b). For
a2 > 0, we may have probability in all three regions at r = 0; however,
for a2 . 0, we would expect to have probability in only the first region
(0, < 0 < 1.0) at T = 0. Here, therefore, it is not until there are no stable
steady states that we begin to see detachment. The lag for detachment is
a result of the fact that all of the probability must travel from 0 ^ 1.0 to
0 = 0. As a increases, the exponential term in the expression for kr
increases at all values for 0 (see Eq. 2), which decreases the lag and
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FIGURE Al A plot of the area (Pb) under the probability density
function for detachment vs. dimensionless time (r) at various values of
the dimensionless force (a). These results are typical for initial probabil-
ity distributions (p [0,0]) with cr2 - 0, here, K = 0.0035 and (p[0,0]) is
lognormal with (0) = 0.99 and &2 = 0.0085.

increases the detachment rate. This explanation for the two forms of the
Pb profiles is based on the deterministic steady state analysis. We must,
however, not forget that we are explaining probabilistic results. As a
result, all of the probability at a given 0 may not move in the direction
predicted by the deterministic model. For example, once probability
arrives at 0S, it may not stay there, rather it may fluctuate about this
point or move away from it altogether. These deviations from ideal
behavior add to the fluctuations seen in the probabilistic analysis of
detachment.
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